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Abstract. For a smooth projective toric surface we determine the Donaldson invariants 
and their wallcrossing in terms of the Nekrasov partition function. Using the solution 
of the Nekrasov conjecture [331 U and its refinement pi], we apply this result to 
give a generating function for the wallcrossing of Donaldson invariants of good walls 
of simply connected projective surfaces with b+ = 1 in terms of modular forms. This 
formula was proved earlier in |19| more generally for simply connected 4-manifolds with 
6+ = 1, assuming the Kotschick- Morgan conjecture and it was also derived by physical 
arguments in 



Introduction 

Donaldson invariants have for a long time played an important role in the study and 
classification of differentiable 4-manifolds (see [7]). They are defined by moduli spaces 
of anti-self-dual connections on a principal S'0(3)-bundle. The anti-self-duality equation 
depends on the choice of a Riemannian metric g. For generic g there are no reducible 
solutions to the equation and moduli spaces are smooth manifolds. In case 6+ > 1 two 
generic Riemannian metrics can be connected by a path. Then Donaldson invariants are 
independent of the choice of the metric, and they are invariants of a C°° compact oriented 
4- manifold X. 

On the other hand, in case 6+ = 1 nongeneric metrics form a real codimension 1 subset 
in the space of Riemannian metrics, i.e. a collection of walls, and two generic metrics 
cannot be connected by a path in general. As a consequence, Donaldson invariants are 
only piecewise constants as functions of the Riemannian metric g |24| l26] . More precisely 
we have a chamber structure on the period domain, which is a connected component C of 
the positive cone in the second cohomology group H'^{X, M), and the Donaldson invariants 
stay constant only when the period uj{g), which is the cohomology class of the self-dual 
harmonic 2-form modulo scalars, stays in a chamber. The wallcrossing terms are the 
differences of Donaldson invariants when the metric moves to another chamber passing 
through a wall. In the first author gave a formula for their generating function in 
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terms of modular forms, assuming the Kotschick-Morgan conjecture , which states that 
the wallcrossing term is a polynomial in the intersection form and the multiplication by 
^, the cohomology class defining the wall (see ^1.11 for more detail). The method of the 
proof was indirect and did not give a clear reason why modular forms appear. 

A physical derivation of the wallcrossing formula was given by Moore- Witten [HI]. We 
shall review their derivation and the physical background only very briefly here (see [SH 
Introduction] for a more detailed exposition for mathematicians). The work of Moore- 
Witten was based on Seiberg-Witten's ansatz [IHI of the M = 2 supersymmetric Yang- 
Mills theory on M^, which is a physical theory underlying Donaldson invariants jH]. The 
theory is controlled by a family of elliptic curves parametrized by a complex plane (called 
the M-plane). The modular forms that appear in the wallcrossing formula are related to this 
family. They expressed Donaldson invariants in terms of two contributions, the integral 
over the w-plane and the contribution from the points ±2, where the corresponding elliptic 
curves are singular. The latter contribution corresponds to Seiberg- Witten invariants, 
which conjecturally contain the same information as Donaldson invariants jl21- Moore- 
Witten further studied the w-plane integral and its contribution to Donaldson invariants. 
They recovered the wallcrossing formula, as well as Fintushel-Stern's blowup formula |15j . 
and also obtained new results, such as Seiberg- Witten contributions and calculation for 
in terms of Hurwitz class numbers. 

Seiberg- Witten and Moore- Witten's arguments clarified the reason why modular forms 
appear in Donaldson invariants. But they were physical and have no mathematically rig- 
orous justification so far. A more rigorous approach was proposed much later by Nekrasov 
PE] . He introduced the partition function 



where M{n) is the Gieseker's partial compactification of the framed moduli space of 



the equivariant homology groups, defined by a formal application of Bott's fixed point for- 
mula to the noncompact space M(n). The variables ei, 62 are generators of the equivariant 
cohomology if^*xc*(P^) ^ point with respect to the two dimensional torus C* x C* act- 
ing on A^. The remaining variable a is also a generator of if^, (pt), where C* acts on M{n) 
by the change of the framing. This definition can be viewed as the generating function 
of the equivariant Donaldson invariants of = A^. Although Nekrasov was motivated 

^There are two preprints by Chen and by Feehan-Leness |14| . giving a proof and an announcement 
of a proof of the conjecture respectively. Fr0yshov also gave a talk on a proof. Their approaches are differ- 
ential geometric and quite different from ours, and the authors believe they are correct, but unfortunately 
do not have the ability to check their papers in full detail. 




n>0 



1 



SU (2)-instantons on A^ and J^^/ denotes the pushforward homomorphism to a point in 
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by a physical argument, the partition function is mathematically rigorously defined. He 
then conjectured 

eie2\ogZ'^''^{ei,e2, a; A) = J'o°''*(a, A) + higher terms as ei,e2 0, 

where JF™^*(a, A) is the instanton part of the Seiberg-Witten prepotential defined via peri- 
ods of the elliptic curves mentioned above. The conjecture was proved by three groups, the 
second and third named authors Nekrasov-Okounkov j38j, and Braverman-Etingof 
jS] by completely different methods. 

In this paper we express the wallcrossing terms of Donaldson invariants in terms of 
the Nekrasov partition function, under the assumption that the wall is good (see ^2.1l for 
the definition). Thereby we give a partial mathematical justification of Moore- Witten's 
argument, where Seiberg-Witten's ansatz is replaced by the Nekrasov partition function. 
More precisely, we take a smooth toric surface X and consider equivariant Donaldson in- 
variants. They also depend on the choice of a Riemannian metric as ordinary Donaldson 
invariants, and we have an equivariant wallcrossing term. The first main result (Theo- 
rem l3.3|) expresses it as the residue at a = oo (corresponding to m = oo of the w-plane) of a 
product over contributions from fixed points in X, and the local contribution is essentially 
the Nekrasov partition function. This result comes from the following: In the wallcrossing 
the moduli space changes by replacing certain sheaves lying in extensions of ideal sheaves 
of zero- dimensional schemes twisted by line bundles by extensions the other way round. 
Using this fact one can express the change of Donaldson invariants under wallcrossing in 
terms of intersection numbers on the Hilbert schemes of points on two copies of X. 
For the wallcrossing of the Donaldson invariants without higher Chern characters this was 
already shown in |Hl Th. 6.13] and |T7l Th. 5.4, Th. 5.5]. These intersection numbers can 
be computed via equivariant localization on Xj'. Every F-invariant scheme in Xg' is a 
union of F-invariant schemes with support one of the fixed points of X, and the contri- 
bution to the intersection number coming from invariant subschemes with support one of 
the fixed points of X is given by the Nekrasov partition function. 

Then the second main result (Theorem I4.2|l is about the nonequivariant limit £1,62 —>■ 
and we recover the formula in JH] via the solution of Nekrasov's conjecture and its 
refinement jHl], i.e. determination of several higher terms of eie2log Z{ei, 82, a; A) . It is 
worthwhile remarking that the variable a appears in the wallcrossing term as an auxiliary 
variable, which is eventually integrated out. By contrast it plays a fundamental role in 
the Seiberg-Witten ansatz as a period of the Seiberg-Witten curve. 

It is natural to expect that our equivariant wallcrossing formula is a special case of that 
for the Donaldson invariants for families whose definition was mentioned in [Hj. Then we 
expect that higher coefficients of the Nekrasov partition function, which are higher genus 
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Gromov-Witten invariants for a certain noncompact toric Calabi-Yau 3-fold, also play a 
role in 4- dimensional topology. 

In ^ we show that the wallcrossing term for a good wall of an arbitrary projective 
surface X can be given by a universal polynomial depending on Chern classes Cj(X), ^ 
and the intersection product on H*{X). The proof of this result does not yield an explicit 
form of the universal polynomial directly. But combining with the explicit form obtained 
for toric surfaces, we conclude that the same explicit formula holds for an arbitrary surface 
with 6+ = 1. In particular, it does not depend on Ci(X) and satisfies the statements in the 
Kotschick-Morgan conjecture. (See Remark |5.8l for more explanation.) The 'goodness' of 
the wall means that the moduli space is smooth along sheaves replaced by the wallcrossing. 

Results of Mochizuki show that the goodness assumption can be removed: 00 Thm 
1.12] gives Proposition 12.81 for arbitrary walls if we replace vector bundles ^5,+, A^- by 
the corresponding classes in i^'-theory. In the proof Mochizuki uses virtual fundamental 
classes and virtual localization. Therefore our main results (Theorem 14. 2t Corollary 15. 7p 
are true for any wall on a simply-connected projective surface. 

In ^ we express the equivariant Donaldson invariants themselves for P^, instead of 
the wallcrossing terms, in terms of the Nekrasov partition function. The result here is 
independent of those in previous sections. However we do not know how to deduce an 
explicit formula for ordinary Donaldson invariants via nonequivariant limit £1,62 0. 
Note also that we cannot extend this result to other toric surfaces, as fixed points are no 
longer isolated. 

The Nekrasov partition function is defined for any rank. A higher rank generalization 
of Donaldson invariants is given recently by Kronheimer [2Zj. Though they are defined 
for > 1, many of his results are applicable to the = 1 case also. Therefore it is 
natural to hope that our results can be generalized to the higher rank cases. One of new 
difficulties appearing in higher rank cases is a recursive structure of the wallcrossing. We 
hope to come back this problem in future. 

Finally let us mention that Nekrasov proposed that the equivariant Donaldson invari- 
ants for toric surfaces can be expressed as products of his partition functions over fixed 
points, integrated over a in any rank |^. As equivariant Donaldson invariants vanish 
for a certain chamber for toric surfaces, our wallcrossing formula gives such an expression 
together with an explicit choice of contour for the a-integral, which was not specified in 
[loc. cit.]. It is an interesting problem to justify his argument more directly. 
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1. Background Material 

We will work over C. We usually consider homology and cohomology with rational 
coefficients and for a variety Y we will write Hi{Y), and W{Y) for Hi{Y, Q) and H^{Y, Q) 
respectively. If Y is projective and a G H*(Y), we denote JyCt its evaluation on the 
fundamental cycle of Y. If Y carries an action of a torus T, a is a T-equivariant class, 
and p : X ^ pt is the projection to a point, we denote Jy a := G H*{pt). 

In this whole paper X will be a nonsingular projective surface over C. Later we will 
specialize X to a smooth projective toric surface. For a class a G H*{X), we denote (a) : = 
a. If X is a toric surface, we use the same notation for the equivariant pushforward to 
a point. 

1.1. Donaldson invariants. Let X be a smooth simply connected compact oriented 4- 
manifold with a Riemannian metric g. For P — X an S'0(3)-bundle over X let M{P) 
be the moduli space of irreducible anti-self-dual connections on P. For generic g this will 
be a manifold of dimension d := -2pi{P) - 3(1 + b+{X)). Let V ^ X x M{P) be the 
universal bundle. Then the Donaldson invariant of F is a polynomial on Hq{X) (B H2{X), 
defined by 

J M{P) 

Here Ci is a lift of W2{P) to H^{X, Z), p G Hq{X) is the class of a point and a G H2{X), and 
for P G Hi{X) we define fi{P) := —^pi(V)/p. As M{P) is not compact, this integral must 
be justified using the Uhlenbeck compactification of M{P). Note that the orientation of 
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M{P) depends on the lift Ci and a choice of a connected component C of the positive cone 
in M) which for algebraic surfaces we always take to be the component containing 

the ample cone. The generating function is 

d>0 n,m>0 

When > 1, then D^_^ ^ is independent of g as long as g is generic. If b^{X) = 1, 

then -Df^ depends on the period point Lj{g) G C. 

In fact the positive cone in H^{X, M) has a chamber structure (see |21],|2ni): For a class 
C e H^{X, Z) \ {0}, we put := {x eC\ (x ■ = O}. Assume 0. Then we call 

^ a class of type (ci, d) and call a wall of type (ci, d), if the following conditions hold 

(1) ^ + ci is divisible by 2 in H'^{X, Z), 

(2) + 3 + > 0. 

We call ^ a class of type ci and call a wall of type ci, if ,^ + ci is divisible by 2 in 
H'^[X, Z). The chambers of type (ci, d) are the connected components of the complement 
of the union of all walls of type (ci, d) in C. In j^H] it is shown that D^_^ ^ depends only on 
the chamber of uj{g). 

Let C+, C_ be chambers of type {ci,d) in C and ^f+j be Riemannian metrics with 
'^(S'lt) £ C*-!-. Then 

where the summation runs over the set of all classes ^ of type {ci,d) with ■ C+) > 
> ■ C_). The term A^^ is called the wallcrossing term. The Kotschick- Morgan [21] 
conjecture says that A^^ is a polynomial in the multiplication by ^ and the intersection 
form with coefficients depending only on and the homotopy type of X. Wallcrossing 
terms with small d had been calculated by various authors PH 1211 El HI CZl I2S1 1211 ■ Then 
the first named author gave a formula for the generating function of in terms of 
modular forms, assuming the Kotschick-Morgan conjecture. See also |2(Jj . 

Now we specialize to the case of a smooth projective surface X with Pg{X) = 0, in 
particular b+{X) = 1. Let H be an ample divisor on X. Then the cohomology class H is 
a representative of the period point of the Fubini-Study metric of X associated to H. We 
write -D^rf for the corresponding Donaldson invariants. By j2Hl!|S2|! the -D^^ can also 
be computed using moduli spaces of sheaves on X. We denote by M^{ci,d) the moduli 
space of torsion-free if-semistable sheaves (in the sense of Gieseker and Maruyama) of 
rank 2 and with ci{E) = ci and 4c2(-E) — ci{EY — 3 = d. Let M§{ci,d)s be the open 
subset of stable sheaves. Assume that M^{ci,d) = M§{ci,d)s and that there exists 
a universal sheaf S on X x M^{ci,d). If there is no universal sheaf, we can replace 
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it by a quasiuniversal sheaf. When pg = (the case of our primary interest), then 
Pic(X) — i> if^(X, Z) is surjective, which means that x{*y*) is unimodular on K{X). 
Hence there is a universal sheaf, if M^{ci,d) = M^{ci,d)s. For P G Hi{X,Q), we put 
fi{P) := {C2{£) - lci{£y)/P e H'-'{M§{ci,d),Q), and define 



J M§{c'i_,d) 



and 
(1-1) 

$f[(exp(«^ + px)) := ^A-^^-Kf^ = ^A'^ / exp(/i(a^ + px)). 

Here if F is a compact variety and / = j cnjx^z^ ^ -^*(^)[[3^7 ^]]) we write /y / = 
x*^-' JyCiij- Assume that M^(ci,(i) has the expected dimension d or is empty, and 
that H does not he on a wall of type (ci, d). Then by the results of [12] ,121] one has 

(1,2) $f[_^(«>'") = (-l)(^?+<^i-^^>)/2Df[^^(«>-). 

When M^(ci, c?) is not necessary of expected dimension, we define the invariants as fol- 
lows (cf. [ini §3.8]): we consider blowup P: X — X at sufficiently many points pi, . . . ,pn 
disjoint from cycles representing a, p. Let Ci,...,Cn denote the exceptional curves. 
We consider the moduli space Mp*fj{P*ci, d + 4X), where the polarization ^P*H^ means 
P*H — eCi — eC2 — ■ ■ ■ eC^ for sufficiently small e > 0. Then it has expected dimension 
for sufficiently large N by [0 We define 

exp(/i(a2; + px)) 

M^{ci,d) 

:=(-b'^ / . fi{C,)^---^i{CN)^exp{^{aP*z+pP*x)). 

^ J M^,^{P*ci,d+4N) 

By the blowup formula (see fOl Th. 8.1]), this definition is independent of N. From its 
definition, ()1.2p remains to hold. 

1.2. Nekrasov partition function. We briefiy review the Nekrasov partition function 
in the case of rank 2. For more details see sections 3.1, 4]. Let ioo be the line at infinity 
in P^. Let M{n) be the moduli space of pairs {E, $), where is a rank 2 torsion-free sheaf 
on with C2{E) = n, which is locally free in a neighbourhood of i^c and $ : ^ Of^ 
is an isomorphism. M{n) is a nonsingular quasiprojective variety of dimension 4n. 

Let r := C* X C* and f := r X C*. f acts on M{n) as follows: For (^1,^2) e F, let Ft,,t2 
be the automorphism of P^ defined by Fjj^j2([zo, 2:1, 2:2]) t— > [zo,tiZi,t2Z2], and for e G C* let 
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Ge be the automorphism of Of^ given by (si, S2) ^ es^)- Then for [E^ $) G M{n) 

we put (ti, ^2, e) ■ (-E, $) := [{F^^]^^)*E, $') , where is the composition 

(i^.;i)*(^)i^o. iKXr^Z — ^ oz 

where the middle arrow is the homomorphism given by the action. Let 81,82-, a be the 
coordinates on the Lie algebra of T, i.e. we can write {ti, ^2, e) = (e^% e^^, e"). 

We briefly recall equivariant integration in the form we want to use it. Let T be torus 
acting on a nonsingular variety Y with finitely many fixed points qi, . . . ,qs. Let ei, . . . , e„ 
be the coordinates on the Lie algebra of T. The equivariant cohomology of a point is 
H^{pt) — Q[ei, . . . , e„]. If a e H^{Y) is an equivariant cohomology class, then we put 

r i* (a) 

Here i*. is the equivariant pullback via the embedding Y. and eT{Tq.Y) is the 

equivariant Euler class of the tangent space of y at g^. If y is also compact, then Jy is the 
usual pushforward to a point in equivariant cohomology, in particular Jya e Q[ei, . . . , e„]. 
Let x,y be the coordinates on = \ i^o- The fixed point set M{nY is a set of 
® (Tz2,$2), where the 2^^ are ideal sheaves of zero dimensional schemes Zi, 
Z2 with support in the origin of with len(Zi) + len(Z2) = n and {a — 1,2) are 
isomorphisms of Xz„ with the a-th factor of Of\ Write for the ideal of Z^, in C[x, y\. 
Then the above is a fixed point if and only if 7i and I2 are generated by monomials in 
x,y. 

A Young diagram is a set 

y:={(z,j)eZ>oxZ>o|i<Aj, 

where {y^ijiei^a ^ partition, i.e. Aj G Z>o, Aj > Aj+i for all i and only finitely many Aj 
are nonzero. Thus Aj is the length of the i-th column of F. Let |y| be number of elements 
of y, so that (Aj) is a partition of |y|. We denote by (A^)j be the transpose of A, thus A^- 
is the length of the j-th row of Y. For elements s = G Z>o x Z>o we put 

aviij) = Ai - j, /y(i, j) = A^- - i, a'{i,j) = j - I, = i - 1. 

Let Iz C C[x, y] be the ideal of a finite subscheme of A^ supported in the origin which 
is generated by monomials in x, y. To Z we associate the Young diagram 

y = y^ := {(i, j) G Z>o X Z>o I x'-'y^-' ^ Iz}. 

with |y| = len(Z). To a fixed point (X^^ Q)Tz2,(p) of the T-action on M(n) we associate 
y = (Yi, Y2) with 1^ = Yzi- This gives a bijection of the fixed point set M{nf- with the 
set of pairs of Young diagrams Y = (yi, y2) with |y| := |yi| + |y2| = n. 
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Notation 1.3. We denote e the one-dimensional T-module given by {ti,t2,e) ^ e. and 
similar we write ti {i = 1, 2) for the 1-dimensional T modules given by (ti, t2, e) hh> ti. We 
also write Ci := e~^, 62 := e. We write ai := —a, 02 := a. 

Following |SS],|S11 let, for a,P E {0,1}, A^^^(ti, ^2, e) be the T-equivariant character 
of Ext-^ {Xz^,Tzg{—ioo)) and n^f^{ei, £2, a) the equivariant Euler class. Now the instanton 
part of the Nekrasov partition function is defined as 



Z^-\e,,e2, a. A) := ^ ( / l) = E 7^ 



^a,/3(^l>^2,a) 



More generally we will consider the following: For variables r := (Tp)p>i let 
(1.4) 



E^(£i,£2,a,^) :=exp 

p=l a=l 



00 2 



Yl-(l-e-^i)(l-e-=2) V e-^'(^)"i-'^'W« 



p-i/ 



(The sign in (4.1)] is not correct. See the first claim in the proof of Lemma [3.91 ) Here 
[■]p_i means the part of degree p — 1, where a, £1,6:2 have degree 1. Then the instanton 
part of the partition function is defined as 

(1.5) Z'-n^i,^2,a; A,r) := f ' ' ; £ Q(£i, ^2, a)[[A]]. 

y na,/3=i</3(^b^2,a) 

In particular Z^°'^*(£:i, £2, A, 0) = Z™^*(£:i, £2, A). As a power series in A, Z"^'^*(ei, £2, 
a; A, r) starts with 1. Thus 

r^'\e^,e2.a-K,T) := log Z''^^*(£i, £2, a; A, f) G Q(£i, £2, a) [[A]] 

is well-defined and we put F^^^^ {61,62-, a] := F™'^*(ei, £2, A, 0). Finally we define the 
perturbation part. We define c„ (n G Z>o) by 

fl 6) i = V ^t"-2 

^ • ^ (e=i*-l)(e^2t_i) Z^n\ 

^ ' n>0 



I2, (x\ 32l,^i + ^2f 1 /a^ 



and define 

(1.7) x.,„(x;A):= -L|-j.^log^^j+|x''| + :^|-xlog(^j+x 

6l+6l + 3£i£2 , / \ CnO:^-" 

12£ie2 ^^VAy^n(n-l)(n-2)' 

We put 

FP^'^*(5i, 52, a; A) := -7.i,e.(2a; A) - 7.i,..(-2a; A). 
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Then F^^^^{ei,e2,a;A) is a Laurent series in 61,62, whose coefficients are multiple-valued 
meromorphic functions in a, A. See Appendix E] for the details. Finally we define 

F{6^, 62, a; A, r) := F^''^{6^, 62, a; A) + £2, a; A, r), 

F{6i, 62, a; A) := F{6i,62, a; A, 0). 

Formally one defines Z{6i, 62, a; A, f)) := exp(FP*'''*(£i, 62, a; A))Z™''*(ei, 62, a; A, f). 

2. Computation of the wallcrossing in terms of Hilbert schemes 

Let X be a simply connected smooth projective surface with pg = 0. In this section we 
will compute the wallcrossing of the Donaldson invariants of X in terms of intersection 
numbers of Hilbert schemes of points on X. Our result will be more generally about a 
refinement of the Donaldson invariants, also involving higher order /i-classes. In the next 
two sections we will specialize to the case that X is a smooth toric surface and relate this 
result to the Nekrasov partition function. 

Notation 2.1. Let t be a variable. If y is a variety and b G H*(Y)[t], we denote by [b]d 
its part of degree d, where elements in H'^^iY) have degree n and t has degree 1. 

If i? is a ring, t a variable and h G R{{t)), we will denote for z G Z by [b]p the coefficient 
of f of b. 

If is a torsion free sheaf of rank r on Y, then we put ch.{E) := ch(£')e ~. We 
write ch.i{E) := [ch.{E)]i. We can view this as Chern character of E normalized by a twist 
with a rational line bundle, so that its ffist Chern class is zero. Note that in case r = 2, 
we have -ch2(^) = C2{E) - cl{E)/A. 

If E' is a vector bundle of rank r on F we write c^{E) := Y^ - Ci{E)t^~^ = f'ci/t{E), with 
Q(E):=E.c.(i?)f. 

Now we define a generalization of the /x-map and of the Donaldson invariants. 

Definition 2.2. Fix an ample divisor if on X and fix ci and d. Assume that there is 
a universal sheaf S over X x M^{ci,d), and that M^{ci,d) is of expected dimension d 
or empty for all d > 0. For a class a G Hi{X), and an integer p > 1, we put Hp{a) : = 
(-l)^chp+i(^)/a G /f2p+2-i(jvff (ci,rf)). Note that the universal sheaf is well-defined up 
to a twist by the pullback of a line bundle from (ci, d), thus /ip is independent of the 
choice of the universal sheaf. 

Let bi, . . . ,bs he a. homogeneous basis of H^{X). For all p > 1 let , . . . indetermi- 
nates, and put ctp := Ylik=i ^k^k^k^ with G Q. This means that {t^)^\ ^ is a coordinate 
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system on the "large phase space" ®p>i H^{X)[p]. We define 

(2.3) exp($^a,) ) =5^A^ / expTj^ /.,(«,)). 

This is an element of Q[[A, (r^)]]. As by definition /ii = fi, our previous definition of 
$^(exp(Q;2; + px)) is obtained by specializing ctp := for all p > 1. 

We believe that we can define the invariants without the assumption that the moduli 
spaces arc of expected dimensions as in the case of ordinary Donaldson invariants. This 
can be done once we generalize the blowup formula. This is a little delicate as higher 
Chern classes do not descend to Uhlenbeck compactifications. 

2.1. The wallcrossing term. Let ^ e H^iX, Z) \ {0} be a class of type ci. We say that 
^ is good and is a good wall if 

(1) there is an ample divisor in 

(2) D + Kx is not effective for any divisor D with W'^'^^^ = W^. 

A sufficient condition for ^ to be good is that contains an ample divisor H with 
H ■ Kx < 0. Let ,^ be a good class of type ci. 

Let be the Hilbert scheme of subschemes of length n on X. Let Zn{X) C X x Xl"! 
be the universal subscheme. We write X2 :^ X U X and Un+m=i ^'"^ ^ X["^l Fix 

I e Z>o. Let Ji (rcsp. I2) be the sheaf on X x xf^ whose restriction to X x X'"] x XH is 
Phi^z^ix)) (resp. plsiTz^ix))), where pi,2 : X x XW x XH ^Xx XN (resp. pi,3 : X x 
X[n] X ^ X X XH). Let p : X X x|^ ^ X^'' be the projection. On X^'' we define 

A^,- := ExtJ(X2,Xi(e)), ^5,+ ExtJ(Xi,X2(-e))- 

As ^ is good, ^^,+ are locally free on xf. If ^ is understood, we also just write 

A- and A+ instead of Let P_ P(^^) and P+ := P(^^) (we use the 

Grothendieck notation, i.e. this is the bundle of 1-dimensional quotients). Let 7r± : P± — > 
Xfl be the projection. Then P± = Un+m=i^±"' with PJ"' = 7r±^(XW x XH). 

Now we define the wallcrossing term. We use the notations of the last section. For a 
coherent sheaf E of rank r on a variety Y, we view as an element of H*{Y)[t~^] via 
the formula 

where r is the rank of E and the Si{E) are the Segre classes of E. If Y carries a F-action 
and E is equivariant, then -tj^ e 
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Definition 2.5. Let ^ G H'^{X, Z) be a good class of type Ci. For all p > 1 let be as 
in ()2.3|) . The wallcrossing terms are 



5j(^exp 



exp (Ep>i(-l)1ch(Ti)e^ +ch(J2)e^]p+i/a, 



p>i 

(2.6) ■= Va''"^'"^ 

p>i p>i 
5^^(exp(a;z + px)) and ^l*" (exp(a2; + px)) are defined by replacing ai by az + px and 
ttp by for p > 2 in 5^^(exp (X]p<^p))) (5|^(exp (X^p'^p)))- By fj2.4|) we see that 

€t(e^P (Ep>i«p)) e A-«'-='Q[t,t-i][[A,«)]] and 5f (exp (Ep>i«p)) ^ Q[[A, (r^]] 
(see Remark [2. 7f m. 

Remark 2.7. (1) Fix / > 0. Write d := 41 - ^'^ - 3 and let E{t) := ^'(^^ _) on 

X|l Note that rank(^5,+ © A;:-) = d + 1 - 21 (this follows from P Lemma 4.3]). If 
d < 0, then + 1 — 2/ < 0, thus .4,^,+ = = A^^- and E{t) = 1, and thus the coefficient 
of A'^ in 5^^(exp (E'^p)) ^ polynomial in t. Let again d be arbitrary. We can write 
E{t) = Eio^^^"^'^'^^^"^'^ ^ith bi e i/2i(xfl). Thus if we give elements of H^'{X^^) the 
degree i and t the degree 1, then E{t) is homogeneous of degree 21 — d — 1. 

(2) Note that the factor A*^ both in the definition of $^ and of 6^ is redundant. The 
coefficient of A'^ in $^(exp(E «p)) and 5|^(exp(E «p)) is a polynomial of weight d in the 
r^. Here the weight of is p + 1 — i if 6^ G H2i{X). For this is clear because d is 
the complex dimension of (ci, d). For 5^, this follows easily from the last sentence of 
(1) and the fact that Xg' has dimension 21. 

The aim of this section is to prove that the wallcrossing for the Donaldson invariants 
can be expressed as a sum over 6^ . 

Proposition 2.8. Let H_, be ample divisors on X, which do not lie on a wall of type 
{ci,d) for any d > 0. Let be the set of all classes ^ of type Ci with {^-H^) >0> {^■H_). 
Assume that all classes in are good. Then 



( -p ( E ".))-*"-( ( E ".)) = E ( -p ( E 



Op 



Remark 2.9. From our final expression in Corollarv 15.71 6^ {exp[az + px)) is compatible 
with Fintushel-Stern's blowup formula [1^]. (See [201 §4.2] and jSH §6].) Therefore it 
is enough to prove the proposition after we blowup X at sufficiently many times, as we 
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did for the definition of <l>^. In particular, we may assume M^^{ci,d) is of expected 
dimension without loss of generality. However the blowup does not make walls good in 
general, so we one needs different methods to prove the proposition for general wall. Let 
p : X X Xfl and g : X X ^ X, be the projections. In |Si Thm 1.12] the 

proposition is proved for general walls with A^^+, A^^^ replaced by — p!(X^ ® Xi ® g',^), 
—p\(Xi ®<j'C^))- The proof uses virtual fundamental classes and virtual localization. 

In the rest of this section we will show Prop. 12.81 Let > be arbitrary. It is enough 
to show that the coefficients of A'' on both sides are equal. It is known that M^{ci,d) 
and <l>^ is constant as long as H stays in the same chamber of type {ci,d) and only 
changes when H crosses a wall of type (ci, d). Following jH] and [T7j we get the following 
description of the change of moduli spaces. Let be the set of all ^ G -B+ which define 
a wall of type {ci,d). For the moment assume for simplicity that consists of a single 
element ^. Let I := (rf + 3 + ^2)/4 G Z>0. Write Mq,; := M^_(ci,d). Then successively 
for all n = 0, . . . , / write m := I — n. Then one has the following: M„ ^ contains a closed 
subscheme isomorphic to P"'"^ and M„ ^ is nonsingular in a neighbourhood of E^'^. 
Let Mn,m be the blow up of Mn,m along The exceptional divisor is isomorphic to 

the fibre product D"'™ := P"'" x^h^^m P"'"". We can blow down M„,„ in D"-'" in the 
other fibre direction to obtain a new variety Mn+i^m-i- The image of D^'"^ is a closed 
subset E^'"^ isomorphic to P"'™ and M„+i ^-i is smooth in a neighbourhood of i?"'™'. 

The transformation from Mn^m to Mn+i^m-i does not have to be birational. It is possible 
that El'"^ = 0, i.e. A+ = 0. As we know that rank(^_) + rank(^+) + 21 = d + 1, this 
happens if and only if E^'"^ has dimension d and thus by the smoothness of M„ ^ near 
Ej"^^ we get that E^'"^ is a connected component of Mn,m- Then blowing up along E^'"^ 
just means deleting i^"'™. Thus in this case Mn+i,m-i = Mn,m \ i?"'™. Similarly we 
have iJ"'*" = 0^ i.e. A- = 0, if and only if E^'"^ is a connected component of M„+i ^-i 
and Mn+i,m-i = ^n,m U -E'+'™'. Below, if the transformation from Mn,m to M„_|_i is 
birational, we say we are in case (1), otherwise in case (2). 

Finally we have M;+i^_i = M^^{ci,d). If B^ consists of more than one element, one 
obtains MH+{ci,d) from MH_{ci,d) by iterating this procedure in a suitable order over 
all ^ G 5+. 

Fix ^ in Bd. Fix n, m G Z>o with n + m = I := {d + 3 + C."^) /4. We write M_ := Mn,m, 
M+ := Mn+i^m-i- Let £± be universal sheaves on X x M± respectively. Let := E"^'"^, 
= i?"'"*. Let M be the blowup of M_ along E_, and denote by D the exceptional 
divisor (which is also the exceptional divisor of the blowup of M+ along Write 
:= X X D and let j : D ^ M, j' : X X D ^ X X M be the embeddings. Let £+ 
be the puUbacks of £+ to X x M. 



14 



LOTHAR GOTTSCHE, HIRAKU NAKAJIMA, AND KOTA YOSHIOKA 



Notation 2.10. Let H G Q[(a;n)„>o] be a polynomial. Let a := (an)n>o with a„ G H^:{X). 
For any variety Y and any class A e H*{X x Y)[[t]] we put H{A/a) := iJ(([y4]„/a„)„>o) G 
H*{Y)[[t]]. On X X X XH, denote C{t) := ch(Ji)e^ + cli(J2)e^, and Ci{t) : = 

We denote by r_ (resp. r+) the universal quotient line bundle on P_ = P(^^) (resp. 
P+ = For a sheaf and a divisor B, we write ^"(5) instead of J" (g) 

For a class a G H*{X) we also denote by a its pullback to X x F for a variety Y . We 
write Xi, T2 also for the pullback of Xi, X2 to D' and we write r_|_, r_ also for their pullbacks 
to D and D'. 

We will show 

H{C{t)/a) 



(2.11) / H{cHS^)/a)- [ H{ch{S.)/a)= [ 

Jm+ J M- JxWxXl™! 



Formula ()2.11|1 implies Proposition 12.81 by summing over all ^ G -B+, all c? > and over 
all n, m with n + m = (c? + + 3) /4. 

For the next three Lemmas assume that we are in case (1). Then by the projection 
formula j^^^ H {ch{£ ± / a))) = H{ch{£±/a))^ thus it is enough to prove ()2.1H) with the 
left-hand side replaced by (if(ch(£^+)/a) — H (ch(£^) / a)) . 

Lemma 2.12. C(-r_) = d^((/)*(^-)), C(r+) = ch{{f)* {£+)) and 

V s + t *=^+ / 

Proof. Write JF^ := Xi(^i^), J^2 '■= ^2{^^)- By jHl section 5] we have the following facts: 

(1) There exist a hne bundle A on D and an exact sequence -Fi(A) — > {j')*{S-) — 
^2(-r„ + A)^0, 

(2) can be defined by the exact sequence ^ S+ ^ S- ^ j*(-^2(— + A)) 0. 

(3) We have the exact sequence J'2(r+ + A) ^ ^ -^i(^) ^ 0. 

In particular d^((j')*^-) = C(-r_), d^((j')*^+) = C(r+). 

Write c+ := Ci(£^+),c_ := Ci(£^_). As Ci(j;|,(jF2(— r_+A))) = D', we see that c+ = c„— D'. 
We also have (j')*(c+) = ci + r_|_ + 2A. Thus we get 

Hh(^+) = (ch(f_) - ch(j:j-2(-r_ + A)))e-'=+/2 

= d^(£_)e^'/2 _ ch(j:.F2(-r_ + A))e-'=+/2. 

Thusd^(^+)-d^(^_) = (e^'/2_i)dI(^_)_ch(j;jr2(_^_+A))e-^+/2. As {f)*D' = -t+-t_ 
by 13 Cor. 4.7], we get by the Grothendieck-Riemann-Roch Theorem and the projection 



DONALDSON INVARIANTS VIA INSTANTON COUNTING 



15 



formula 



= f* (^-^\t=T++r. ch(X2)e ^ '~ ^) 



On the other hand, as e^'/^ — 1 is divisible by D', we get 



(e^'/2 _ l)ch(£:_) =i:(^^|,=.,+._ch((j')*£:-)) 

' 1 

.s + t 



J*f^(ch(2^i)e^ +cM^2)e"^ -ch(Xi)e^ -ch(X2)e"^)| — 



and the result follows. □ 
Lemma 2.13. 



In particular 

H{C{t)/a)-H{C{-s)/a). 



I [H{ch{8^)/a) - H{ch{8.)/a)) = - I 

J M J D 



Proof. We can assume that H is homogeneous of degree k. We make induction over k, 
the case A; = being trivial. In case A; = 1, we have by the previous Lemma 



chi(£+)/ai - chj(£_)/aj 

( C,{t)-Q{-s) ^ f {Q{t)-Q{-s))/a ^ 
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Now let k be general. As the claim is linear in H, we can assume that H — XiH', with 
deg(if') = k — 1. Thus we get by induction 

H(di{£+)/a) - H{d^{£.)/a) = {d^i{£+)/ai -dii{£^)/ai)H'(di{£+)/a) 

+ ^,{£^)/ai ■ {H'{d^{£+)/a) - H'{^{£_)/a)) 

H\C{t)/a)-H\C{-s)/a) 



—X{C,{t) - C,{-s))/ai ■ H'{C{t)/a) 

+ a(-s)/a, ■ {H\C{t)la) - H\C{-s)/a))) \ ) 

t = T_|_ / 



s + t 



f H{{C{t)/a)-H{C{-s))/a) ^ 

This shows the first statement, the second follows immediately by the projection formula. 

□ 

Recall that D = P(^^) x^m^^m P(.4^). Let n : D ^ x and p± : F{Al) 
X be the projections. We have reduced the computation of {ch.(£+) / a) — 

H {ch.{£+) / a)) to an integral over D, which we now push down to X'"! x X^'^\ 

Lemma 2.14. 

H{C{t)/a) - H{C{-s)/a). \_r H{C{t)/a) 



S + t 



.c\A+)c-\A- 



Proof. For a vector bundle E of rank e on a variety y, let r be the tautological quotient 
hne bundle on p : ¥(E^) Y. Then 

and similarly X^„P*((— 7")")^"""^ — ~pt^- Thus we get 

= [( E -+.(Tyr»-') ( ^ x_.((-T_)")r"-')]__^_, 

n n 

= _[ t 1 

[if(A+)c-'(A-)lt-^ 
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H{C{t)/a) - H{C{-s)/a). 
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IT* 



t + S 

t'Qk 



( — — — ) Qk 



H{C{t)/a) 



□ 



The projection formula and Lemmas I2.1H| 12.141 imply formula ()2.1ip . Thus we have 

■ 0, thus A+ = and A- has rank 



shown p. mi in case (1). 

In case (2), we can assume by symmetry that P 
d + 1 — 21. Then we have 



Af4 



H{ch{£+)/a)- / iy(ch(^_)/a 



M_ 



H{ch{S-)/a) = - / 7r_,(i7(ch(^_)/a)). 
Denote by j : P_ ^ M_ and j' : X x P_ X x M_ the embeddings. As before write 



^i:=Ji(^),^2:=X2 



• By (Hi Lemma 4.3] and the universal property of M_ there 



is line bundle A on P_ and an exact sequence — > J^i(A) — > ^ JF2(— r_ + A) — 0. 

In particular, as before, ch((j')*£^_) = C(— r_). The arguments of Lemma f2. 141 show that 

, and in the same way as in the proof of Lemma 12.141 it follows 



that -7i^,{H{C{-T^)/a)) 
(2) and thus finishes the proo: 



H{C{t)/a) 



of Proposition [T 



. As c*(^_|_) = 1, this shows ()2.11|) also in case 



3. Comparison with the partition function 

For the next two sections let X be a smooth projective toric surface over C, in particular 
X is simply connected and Pg{X) = 0. X carries an action of F := C* x C* with finitely 
many fixed points, which we will denote hj pi, . . . ,p^, where x is the Euler number of X. 
Let w{xi), w{yi) be the weights of the F-action on Tp-X. Then there are local coordinates 
Xi,yi at Pi, so that {ti,t2)Xi = e~'^^^^^Xi, (ti,t2)l/j = e~'^'^^^^?/j. By definition w{xi) and 
w{yi) are linear forms in ei and £2- For /? G ifp(X) or /5 G -fff (X), we denote by its 
pullback to the fixed point pi. More generally, if F acts on a nonsingular variety Y and 
W C Y is invariant under the F-action, we denote by lw : H^(Y) H^{W) the pullback 
homomorphism. 

Note that Tx and the canonical bundle are canonically equivariant. Thus any polyno- 
mial in the Chern classes Cj(X) and Kx is canonically an element of i7f (X). 
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3.1. Equivariant Donaldson invariants and equivariant wallcrossing. We start by 
defining an equivariant version of tlie Donaldson invariants and tlie wallcrossing terms. 
For t G r denote by Ft the automorphism X — > X;x t— > t ■ x. Then F acts on 
Xf by t ■ (Jn,TyJ = ((Fr^)*Jn,(Fr^)*JyJ and on X x by t ■ (x,Ty„JyJ = 
{Ft^^yXy^, {Ft^^yXy-i) and the sheaves Xi, X2 are F-equivariant. Similarly F acts 
on X X Mx{ci,d) by t ■ {x,E) = {Ft{x) , {Ff^y E) . Let £^ be a universal sheaf over 
X X Mf (ci,rf), then one can show that £ has a lifting to a F-equivariant sheaf, unique 
up to twist by a character. Thus an equivariant universal sheaf is unique up to twist by 
an equivariant line bundle. 

Definition 3.1. We define the equivariant Donaldson invariants $^(exp(az + j9x)) by 
the right-hand side of (jl.lll . where now a G (X) and p G Hq{X) is a lift of the class 
of a point, /x is defined using the equivariant Chern classes of S, and /jy,/X(^^ means 
pushforward to a point in equivariant cohomology. We assume that the moduli spaces 
(ci, d) have dimension equal to the expected dimension d.li S is an equivariant torsion- 
free sheaf of rank r we define ch(£^) := ch(£^)e~^^, where we now use equivariant Chern 
character and first Chern class and define /ip(/3) := (— l)^chp+i(£^)//5. Let bi,...,bs be 
a homogeneous basis of H^{X) as a free Q[ei, e2]-module. For all p > 1 let t^, . . . rf be 
indeterminates, and put ap := Ylik=i'^k^k'Tki with G Q[£i,£2]- Using this we define 
$^(exp (Xlp'^p)) ^ Q[^i!^2][[A, (t^)]] by the right-hand side of ()2.3|1 . As the equivariant 
universal sheaf is unique up to twist by an equivariant line bundle, $^(exp(a2; and 
$^(exp (Xlp'^p)) independent of the choice of equivariant universal bundle. 

We cannot hope to extend this naive definition without the assumption that the moduli 
spaces are of expected dimensions. This is because we can blowup only at the fixed points 
of the torus action and cannot avoid the support of the cycles representing Up. Here 
we probably need to use virtual fundamental classes as in [30 . Then to prove that its 
specialization coincides with the ordinary invariants, we need to prove the blowup formula 
in the context of virtual fundamental classes. 

Let ^ G H^{X, Z) be an equivariant lifting of a good class of type Ci. Then Xi, X2, A^^+ 
and A^^- are in a natural way equivariant sheaves on xf^, and the equivariant wallcrossing 
terms S^^ti^w{J2p>i ^p))^ 6^j.{exp{az + px)) are defined by the right-hand side of formulas 
fl2.()|l . where now J^m stands for equivariant pushforward to a point, and 



(exp (^a, 



Sf,t ( exp ( J] 



p>i p>i 
5f {exp{az + px)) := [5^j(exp(a;z + px))]t-i. 
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By dH we see that 5j(exp(E^>, a,)) G A-«'-3Q[£i, £2]((r^))[[A, K)]]- Thus 5f (exp( 
Ep>i"p)) e Q[ei,e2][[A, (r^)]] and by definition 5|ft(exp(^^>i ap))|£,=e2=o = '^|ft(exp( 
Ep>i"p))- 

Remark 3.2. Note that the coefficient of A*^ in ^l'' (exp(^^ ctp)) is not a polynomial of 
weight d in the (as in Remark |2.7j) but has contributions of different weights. Arguing 
as in Rem. 12.71 one sees that the coefficient of A'' is a sum of terms of weight > d. Thus 
the variable A in the definition of d'^ is not redundant. 

Under the assumptions of Proposition 12.81 let 5+ be a set consisting of one equivariant 
lift ^ for each class of type Ci with {C,,H^) > > {^,H^). Then the same proof as 
before (with all sheaves and classes replaced by the equivariant versions) shows that the 
statement of the proposition holds with replaced by 

5^ respectively, i.e. the wallcrossing of the equivariant Donaldson invariants is given by 
the equivariant wallcrossing terms. 

In this section we want to give a formula expressing 6^^ in terms of the Nekrasov 
partition function Z. 

Theorem 3.3. 

p 1=1 

Note that the left-hand side lies in A^^ "^q^^^^ ^^j^^^-i))^^^^ ^j^g 

course of the 

proof we will also have to show how one can interpret the right-hand side, so that both 
sides lie in the same ring. 

It is tempting to write Theorem 13.31 as 

€t ( <^^P ( E "p) ) = X \{zH^i)My^). a, ((-i)^^;,ap)p) , 

p i=l 

but it appears difficult to give a meaning to the right-hand side of this equation (other 
than as an abbreviation for the right-hand side of Theorem 13. 3|) . 

As a first step we will show that, up to a correction term, there is an expression for 6-^^ 
in terms of the instanton part of the partition function. In a second step we will see that 
this correction term is accounted for by the perturbation part. 

3.2. The instanton part. We start by reviewing some results and definitions from [H]. 
The fixed points of the F-action on are the pairs {Zi, Z2) of zero- dimensional sub- 
schemes with support in {pi, . . . ,p^} with len(Zi) -|-len(Z2) = / and such that each Iz^,pi 
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is generated by monomials in We associate to (^1,^2) the x-tuple {Y^, . . . ,Y^) 

with = {Yl,Y^), where 

Y: = {(n,m) G Z>o x Z>o | xr'vr' ^ Iz^,n]- 

We write \Y^\ for the number of elements of Y^ and \Y^\ := lYj*! + iFg*!- This gives a 
bijection from the fixed point set to the set of the x-tuples of pairs of Young 

diagrams . . . , F^), with = /. 

We denote also by Xi^yi the one dimensional F- modules given by t 
t ■ Ui = e~'^^'^^'^Xi. If L is an equivariant line bundle on X, the fibre L{pi) at a fixed point 
and the co homology groups H^{X, L) are in a natural way F- modules. 

The following follows easily from the definition of N^'p{ei,e2,a) in [221 and [HI Lemma 
3.2]. In fact it is basically a reformulation of Lemma 3.2] and a straightforward 
generalization of Thm. 3.4]. In order to get the correct result one has to take into 
account the following: 

(1) The formulas in jHj are for V = L Q) {L ® Kx) instead of L. But the proof only 
uses that H'^iV) = H\V) = 0. 

(2) Our convention for the F-action on X^^ differs from that in [9 , which is t ■ 
(Ty-^jXy^) = (F^Iyj^, F^Iy2))- This changes the F-modules Xi,yi to x~^,y~^. 

(3) In inni Thm. 3.4] the case of was studied and the argument shows that Ext^(T2^, 
Xz, ®L) = H\X, L) + 0^ Exti(Jz,,p,,%,p,(-£oo)) ® L{p{). 

Lemma 3.4. Let {Zi, Z2) G (Xg')^ correspond to (Y-^, . . . , Y^) under the above bijection. 
Let L be an V -equivariant line bundle on X, such that Ci{L) is good. We have in the 
Grothendieck group of V-modules 

(3.5) T^z,,z.)Xf = j2i2K>^^y-L(p^)~')^ 

i=l 7=1 

X 

(3.6) Ext\lz,,Iz,(^L) = H\X,L) + ^ ivj';(x„ y,, L(p,)-5), 

i=l 

X 

(3.7) Ext\lz,,Iz,(^L-') = H\X,L-') + Y,Nf;{x.,m,L{p.)~-^). 

1=1 

Let F = Yll=i tie a decomposition of a F-module into 1-dimensional modules in 
the Grothendieck group of F-modules, and let w{Fi) be the weight of Fj. Then in the 
equivariant cohomology we get c*(F) = 111=1 (""^(-^i) + Thus we have the following 
corollary. 

Corollary 3.8. Let {Zi, Z2) G (-^2')'" correspond to (F-*^, . . . , Y^). Write L for the equi- 
variant line bundle on X whose first Chern class is (our chosen lifting of) ^. Then in 
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Q[ei,e2,t], we have the identity 

e{T(^z„z,)X!'^)c-\Ext\lz„Iz, ® L)y{Ext\lz„Iz, ® L'')) 

= c-\H\X,L))c\H\X,L^))fl n <;(t.(x.),t.(y.),^). 

i=l a,l3=l 

Lemma 3.9. In A^^^^^Q{£i, e2){it-'^))[[A, {tI!)]] we have 



Op 



Remark 3.10. By Definition 13.11 the left-hand side is an element of k-^^^<Q[ei,e2]{{t~^)) 
[[A, (r^)]]. Note that by (jl.Sp the right-hand side is an element of A"^^"^Q(ei, £2, ^) 
[[A, (rO]]. Using ^ = rHE^^^-^, we can view n-,,.,n.,,(M^.l^fa).(^-^;.0/2) ^1^" 
ment of Q(£:i, e2)[[^^^]]- Then by (j2.4p the right-hand side of the Lemma is interpreted as 
an element of A^'^^^'^Q(£:i, £:2)((^ "'^))[[A, (t^)]], and we will show that the equality holds 
here. The lemma shows that the right-hand side lies even in A~'>^~^Q[£i, £2]((^ "'^))[[A, 

Proof. Let (Zi, Z2) E (xf^ correspond to {Y\ . . . , Y^). Let a G {1, 2}, and let Pi G X^. 
We claim that 



Let Oi (resp. O2) be the sheaf on X x whose restriction to X x X'"! x X'™! is the push- 
forward of Oz„{x) (resp. via the inclusion. For a = 1, 2 we have '-^x(Zi Z2)(^") ~ 
Z]iLi('-p»)*(^^c,,ft)- By definition an equivariant basis of Oz^,p, is {x"~^y^~^ \ {n,m) e 
F^}, thus Cz(i,pi = Xlsey* '^^''^j" F-modules. By localization we get 

^(p„{Zi,Z2))Ch(C„) = 4(^(ipJ,ch(Oz<„pjj = i;^(ipJ*ch(C»z„,pJ 

= (l-e-'"(^»))(l-e-"'(^'))ch(Oz.,pJ. 

Using that ch(XQ,) = 1 — ch(Oa), we get the claim. 
We put /i := /2 := Then the claim implies 



i(p„(Zi,Z2))(ch(Xi)e*2* + ch(X2)e*2^) 



z 
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By the definition ()1.4|) of {ei,e2,a,T) tliis gives 

^(Zi,z.)exp (5^(-l)''[cli(Ji)e^ ©cli(J2)e^]^_^^/a,) 

(3.11) 



i=l 



Write |y| := iFil + . . . + \ Y^\, and write {ZY , Z^) for the point of xl'^" determined by an 
X-tuple Y = (Yi, . . . , Y^) of pairs of Young diagrams. Then we get by locahzation 



Op 



y=(|".,y,) e(T(^j',zr)4"'")c-*(Exti(%, J^v ® L))c*(Ext^(J^., % ® Lv)) 



^ ,-,3„3 nii^"^H^(^.).^(y»).^;A,((-in;c.,),) 

where the last step is by Cor. 13.81 □ 

3.3. The perturbation part. Now we want to identify the contribution of the pertur- 
bation part. We first need to review the perturbation part of the i^-theoretic Nekrasov 
partition function from [33 section 4.2]. We set 



7,,,,,(x|/3; A) := \^-^ + -(^i + 62) j + x' log(/?A) 

1 e"^"^ 

(3^^2) +Z^-(e/3n.i_i)(e/3n.2_i) 
7.„.,(x|/3;A):=7.„e.(x|/3;A)+ ^ ^""'"^ ^^^^ 



6162 V 6/3 /?2 
+ ^ ^ a; log(/3A) + -^—^ — log(/3A) 



2eie2 V 6/9/ 12£i£2 



for (x, /?, A) in a neighbourhood of a/— lM>o x V— lM<o x V— lIR>o- We formally expand 
^i^27ei,£2(^l/3; A) a power series of £:i,£:2 (around £1 = £2 = 0). By the expansion (jl.6j) 
we obtain 

n>l ^ ' m>0 

where Li3_m is the polylogarithm (see [221 Appendix B] for details). Here we choose the 
branch of log by log(r ■ e*"^) = log(r) with log(r) G M for G (— 7r/2, 37r/2) and r G M. 
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We define 7£^,e2(~^l/^j ^) by analytic continuation along circles in a counter-clockwise 
way. Finally we define 

Fr*(^i, ^2, x\p- A) := -7.i,.,(2x|/3; A) - 7,„,,(-2x|/?; A). 

Then Fl^'\e 1, £2, ^) is a formal power series in ei, £2 whose coefficients are holomor- 
phic functions in A G C \ v/^K<o, x e €\ v/^M<o, 13 e C with \[3\ < ^. In [33 section 
4.2] it is shown that Fj^"^^ {si, e2-i x\l3] A) converges to F^'^^^{ei,e2.,x] A) when (3 goes to 0. 
We will use the following obvious consequence of the localization formula on X. 

Remark 3.13. For any class 7 G H^{X) we have 



^ w{xi)w{yi 

In particular if 7 = 1 or 7 e if^(X), then X^Li wC'i)1{yi) = ^■ 



Lemma 3.14. 

X 



^FP-*(^(x,),^(y,),q^;A) 
j=i 

= {-e - 2) log A - logic-\H\X,L))) - \og{c\H\X,L^))) 

holds in 0[[ei,e2]], where O denotes the holomorphic functions in (t, A) on (CW— lIR<o)^- 

A priori, the left-hand side lives in — ^2]]; but in the course of the proof 
we show that it is, in fact, in 0[[ei,£:2]], and the equality holds in (^[[ei, £:2]]- In £^2]] 
we can take the exponential of both sides of the equation. Note that the exponential of the 
right-hand side also lives in A~^'^~^Q[ei, £:2]((^~^))[[A, (t^)]]- With this remark Lemma r3. 141 
and Lemma f3. 91 together imply Theorem 13.31 

Proof. Let L be an equivariant line bundle on X whose equivariant first Chern class is ^. 
In particular H'{X, L) = and H'{X, L^) = for i 1. Let £ = h^{X, L), f = h\X, L^), 
and let ai, . . . ,ae (resp. a[, . . . , a'^^,) be the weights of F on H^{X, L) (resp. H^{X, L^)). 
Then in F-equivariant cohomology we get 

i e' 
c-\H\X,L)) = -t), c\H\X,L^)) = HK + t). 

j=l k=l 
Write p : X ^ pt for the map to a point. Then the Riemann-Roch theorem gives 

^' X -i* 

J2e<^^ = -cHp,XL-))e^ = -J2-- ' " 



k=l k=l ^ ^ 
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Thus we get 

e(-^;,€+^)"(-/^) J^ eK+^M-/^) 

_ Q-w{x^)n{-/3)\n _ Q-w{yi)n{-l3)\ Z-^ ^ 

,^ «=1 n>0 ^ ' n>0 A;=l 

(3-15) 



^log(l-e-K+*)/3) 



fc=l 



in (^[[ei, £2]] [nj('^(^«)'"^(?/i))~^]) where O is the ring of holomorphic functions in {x,P,t) 
in a neighborhood of v^^M>o x -\/^M<o x a/— TlR>o- 

Now we apply the locahzation formula on X. Using ()3.12|) and Remark 13.131 we obtain 

X 

(3.16) 

i=l 

I' 

= J2 log(l - + xiL"^) log(/3A) -J^i-^ + t-^y, 

k=l 

in £2]] [nj('^(^«)'"^(l/«))^^]- Here we have used 

which follows from Remark 13.131 and the Riemann-Roch theorem. 

Since 7e^,£2(— a;|/3; A), is defined by an analytic continuation, we derive from ()3.16|1 : 

i 

= J2 log(l - e-^"-*)^) + xiL) log(/3A) - ^ f - t - ^f. 

k=i 

Thus we get in 0[[€i, e2]][lliiw{xi)w{yi))~'^] that 

i=l 

(3.17) 



- {X{L) + x{L ))(log(A) + log(/?)) -Py-^ + — I ^ — 

+ E log ( i_e-K-^)/^ ) + 5Z log ( i_e-K+^)/^ ) ) " 
j=i k=i 
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As both sides are defined around P = 0, the equahty holds there. Thus we can take P = 0. 
Using that hm^^olog ( -L-o/a ) = log(«i " t), hm^j^olog { = log(afc + t), 

16-' _1_ — e k 

and that £ = —x{L), i' = — x(L^), we obtain 

e e 

F^^^\w{x,),w{y,), A) = (-^^ - 2) log(A) - J]log(a, - t) - J]log(a^ + t). 

j=l A:=l 

Note that the right-hand side of this equation is in (9[[£i,£2]]- Thus, while the individual 
summands of the left-hand side only lie in £2]] [Hil'^l^i)'^!?/*))"^]' their sum lies in 

£2]]. This shows Lemma EH □ 

Now we want to express the wallcrossing for the Donaldson invariants in terms of the 
Nekrasov partition function Z{ei,e2,a; A). This will be necessary because the Nekrasov 
conjecture determines the lowest order terms in ei, of F{e\,e2-, a; A), but not of F{ei,e2, 
a; A,r). 

Corollary 3.18. 

(1) 6^j-{exp{az + px)) 

= iexp (^(Todd2(X)(a;^ + px)>(X;F(«;(x.), ^;Ae^^.("^+^^)/^))), 

i=l 

(2) 5f,{exp{az + px)) = i exp ( ^ F(^(a;,), 1^(1/,), Ae^^.^-^+^-V^)) |,,,,,=o. 

1=1 

Proof. Let Ti := (ti, 0, 0, . . .) be a vector with only the first entry nonzero. Then in [Sll 
section 4.5] it is shown that 

(3.19) E2, a; A, n) = _tM±A±^51^ + F{e,, £2, a; Ae"^^/^). 

Z4:6l62 

Thus we get 

7x/ / , 1 f ^ L*{az + px){w{xi)^ + w{yi)^ + 3w{xi)w{y^)) 
6,,{eMaz + px)) = - exp ^ 2^^^) 



i=l 



By localization we get 

^L*{az + px){w{xi)^ + w{yi)^ + 3w{xi)w{y,)) 1 

^ 24^(x>(y.) = 2<("" + Todd2(X)>. 

This shows (1). (2) follows immediately, because {{az + px) Todd2(X)) = in nonequiv- 
ariant cohomology. □ 
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4. Explicit formulas in terms of modular forms 

We have expressed the wallcrossing 5-^ in terms of the Nekrasov partition function. 
Now we want to use the Nekrasov conjecture to give an exphcit formula in terms of the 
g-development of modular forms. 

Let g := e^''^^ for r G H := {r G C | $5(r) > O}. Recall the theta functions 

^oo(r) := E^"'^'' ^01 (r) := ^io(r) := Y.q^^-^'/'^\ 

Write E2{t) := 1 — 24 (Ti(n)g" for the normalized Eisenstein series of weight 2. Denote 



(4.1) „ := _^o^±|io ^:=^^a, ^ := v^^^^^^^^^^^A. 

^00^10 ^00^10 36*006*10 



Finally put 



T:=^i^] E2- 



2A\daJ 6' 

We can now state the formula for 6^ in terms of the g-development of these functions. 
Theorem 4.2. Let C, be a good class. Then 
6^{exp{az + px)) 



'-r 



We briefly review the Nekrasov conjecture. For this we define u, a in a different way. 
Consider the family of elliptic curves '■ y"^ = {z^ — uY — 4A^, parametrized by u G 
C, which we call the w-plane. The Seiberg-Witten differential dS := _ _L fillflf^ jg ^ 
meromorphic differential form on Cu- For suitable cycles A, B on Cu (for the definition 
see section 2.1], here they are called ^2,-82) put a := fj^dS, := 2ti\/^^ Jb^"^- 
These are functions on the w-plane {\u\ ^ |A|). By definition a and are functions of 
u, but conversely we will consider u and as functions of a and A. The period of C„ 
is r := 27ry3T ^~- '^^^ Seiberg-Witten prepotentialj-'o is the (suitably normalized) locally 
defined function on the w-plane with = We choose the branch of the logarithm 

as log(re*^) = log(r) + i9 for r G M"*" and 9 G (—71,71), with log(r) G M. By sections 
2.1, 2.3] for (a. A) in a neighborhood [/ C C x C of the set of (a. A) G v^K+ x v^K+, 
with \a\ ^ |A|, J-'q is a holomorphic function of a and A, which we write as J-'o{a; A). By 
definition we have r = — and g = exp(— ). Then with this definition of r 

the formulas ()4.1|1 hold [SH equation (1.3)]. 

The Nekrasov conjecture [SEI (proved in |HSI,[Sl|,|SHl,[2l) says that 
(1) eie2F{ei,e2,a; A) is regular at 61,62 = 0, 
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(2) {eie2F{ei, 62, a; A))\ei=e2=o = ^o{a; A). 

Here we understand the equation (2) as follows: It is an abbreviation of two equations, 
one for the perturbation part and the other for the instanton part. The former is an 
equality for holomorphic functions in (a, A) G U, and the latter is for formal power series 
in C[[l/a,A]]. Equations appearing below should be understood in the same way, until 
the ambiguity of the branch of the logarithm in the perturbation part will disappear in 
the expression. 

In also the next higher order terms of F{ei,e2,a,A) in £i,£2 are determined: We 
write 



(4.3) 



ti -\- fc2 



A) = J^o(a; A) + {si + e2)H{a- A) + eie2A{a- A) + ' ^ ' B{a] A) + O 

where O stands for terms of degree at least 3 in ei and 62- It is also proved that if, A and 
B are holomorphic functions on U . In |34[ section 5.3] it is shown that H[a, A) = -K^J—la. 
By 1211 section 7.1] we have 

/ 2 \ 1/2 dn,\ 1/2 

Remark 4.5. The sign of H in ^34| section 5.3] was wrong and we have H{a,q,T) = 
— 7r\/^(a, p) in the first displayed formula in [loc. cit., p. 66]. Therefore we have H{a; A) = 
7r\/— la in our case. The mistake occurred when we take the sum of [loc. cit., (E.5)] over 
a < p. Accordingly blowup formulas in [loc. cit., section 6] must be corrected. 

Proof of Theorem \4-^ We apply the localization formula to X. Note that w{xi),w{yi) are 
homogeneous of degree 1 in ei, £2- Furthermore if /3 G H^\X), then Lp.{P) is homogeneous 
of degree i in 61,62- Therefore we get the following expansion (where on the right-hand 
side we take the values of J-q and its derivatives at (|, A)): 



1 O^Fq ^ . . * / \ 1 d'^Fo ^ . . .2 2 ^9'^F() ^ 
8 dad log A + 2 (5 log A)2 ^"/^^ ^ +8 9^'^- 



where O stands for terms of degree larger than 2 in 61,62- By Remark 13.131 we see that 

>^ ^o(^4^;Ae-^.(-+^-)/^) _ 1 dJ^o 1 d^T^ 
^ ' ^ w{xi)w{yi) 4aiogA^ 8 9a91ogA^^'"^^ 



i=l 

+ 32(M^<" +8^^ 
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where again O stands for terms of degree larger than 2 in £i, 62- Similarly we get 



w{xi) + w{yi) t - L*p^^ 



(4.7) w{xi)w{yi) 2 ' z-^ w{xi)w{yi) 2 

Finally 

(4.8) 

V ?,w{xi)w{yi) J 

where a = |(ci(X)^ — 2%) is the signature of X, and the argument of A, B is (t/2, A). By 
the formulas we get that E»ii "^(^0. Ae^;^(».+px)/4^ 

regular in 81,62- Therefore we can take its exponential, which is still regular in 81,62- 
Put a ■-= t/2- Then we get by jSH Prop. 2.3] and |Ml formula (2.12)] that 

(AO] ^-^0 _ , 1 g^JS _ 1 p u _ 

^ ^ Slog A ^' 32(91ogA)2 24 'Vc/ay 6 

As X is a rational surface, we have x = + 4, thus we get by (j4.4j) 



(4.10) exp{xA + aB) = 



^01- 



A da, 

These relations and (|4.ip hold in a neighborhood of (a. A) = (00, 0). Thus they are 
equalities in C[[A/a]][A, a/A]. Note that the g-development of 



(4.11) 



OQClO 



starts with Thus C[[gi/^]] = C[[A/a]]. Putting (p3|l - (jOTl|l into Corollary ElHl we 

get 

(4.12) 

= lim exp f V /-^o(^; Ae-y-+^-)/^) ^ u;(..) + My.) ^^.;^(..,,.)/4) 
£i,£2^o w{xi)w{yi) w{xi)w{yi) 

2 ' 3w;(xi)w;(?/i) ^ ' / 

= '(-,-,<,) exp(-(a.?/2)^ + T(a^).= -«x)(^-)% 
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The final equality, i.e. the first term = the last term, holds in C((A))((A/a))[[2;, x]] 
C((A))((l/t))[[2;, x]]. Indeed for the left-hand side the coefficient of z"'x"^ is in A^^^ 
X t^^+^+''+^"'C[[A,l/t]]. Thus we get 

5^{exp(az + px)) 



res 

t=co 



A 



/du 
\da 



ux 



A da 



9'^'^dt 



Finally we want to express this result in terms of the q development of the modular 
forms involved. That is, we change the variable from t to q. First we determine 
Combining formulas (V.4.1), (V.5.2) and (V.5.6) of 4j (note that in the notation of j3] 
^oo(r) = e3(0,r), ^01 (r) = ^2(0, r), O^.^r) = 0i(O,r)), we get 

(ilog(6'oo) d\og{ 



dr 



By H (VII.3.10)] we have 9, 



00 



^10 



^01 > 



^10; _ _ 
dr ~ 4a 

and thus 



TT 



^01- 



du ^ _±(doo^^ 
dr 



drKOl, 
A^TT 9, 



^00 



A^ 



Z]4 _ /i4 



dlog( 



700 J 



dr 



d\og{9io) 
dr 



01 



2\/— 1 9'in9n 



Thus we get 



By a = t/2 and q = e 



'10^00 " 

da da du 
dr du dr 
^ we have 



da/ 



01- 



-1 du 



da 

dt = 2da = z—dr 
dr 



8 da 



da dq 



01- 



1 du 
--—9, 



dq 



01 



vta/— 1 dr q 8 da q 
By fl4.1ip the residue at a = cxd is 8 times the residue at g = 0. Therefore we get 
Sf {exp{az + px)) = 



— 1 res 



and Theorem 



q=0 

follows by a 



\da 



ux 



-1 du\3 



A da 



^01 - 



8 = 3cx + 2x 



□ 



Remark 4.13. (1) Denote by umw and h the functions denoted by u, h in [31j. Note 
that in the notation of [SI], Aq = ci/2 and A = ^/2. We are computing the wallcrossing 
for whereas in [SI] the wallcrossing for D^^ is computed. Thus we have to multiply 
their formula (4.6) by (— compare it with ours. Write 5|^jv/vk 
wallcrossing formula obtained this way. Using the fact that u ■ 
see that S^j^^^r = —■^S^^. By definition 6^^ = Sf. Thus S^m' 



-2umw, % 



-IK 



we 



■ 



■> da h ■> 

It was observed 
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in [21] that the formula in pjlj gives 25|^j^^^y for the wallcrossing of D^. Thus our formula 
agrees with the results of [T^. 

(2) Denote by U, f, R the functions denoted by the same letters in [20] ■ Then it is easy 
to check that 

U(r)^-j,u(r + l), _ = -_(. + l), = -(__(. + 1)) + 

Using these formulas it is also easy to see directly that Theorem 14.21 gives the same 
wallcrossing formula as jni,[2n], after correcting for the different sign conventions. 

5. Generalization to non-toric surfaces 

In this section we show that the wallcrossing term is given by the same formula as in 
Theorem 14.21 for a good wall of an arbitrary simply connected projective surface X. The 
proof is based on ^U] for Chern numbers of Hilbert schemes of points. 

We consider the Grothendieck group K{Y) of locally free sheaves on a smooth pro- 
jective variety Y. It is isomorphic to that of coherent sheaves. It has a ring structure 
from the tensor product. We denote it by (8>. For a morphism /: Yi 1^2 we have 
a pushforward homomorphism /; : -^'(^1) K{Y2), and the puUback homomorphism 
f -. K(Y2) — > K{Yi). We also have the involution V on K{Y) given by the dual vector 
bundle for a vector bundle. 

Let X be a projective surface and X'"! denote the Hilbert scheme of n points on X. As 
before let X2 = X U X be the disjoint union of two copies of X. Let Xfl be the Hilbert 
scheme of / points on X2, i.e. x|^ = LJ„_,_„=; X^™! x X^"', and let Xi (resp. X2) be the sheaf 
on X X X2' whose restriction to X x X^™] x X^"! is Pui'^Zrr.ix)) (resp. pl^{Iz„{x)))- Let 
us define p, q hj 

p:Xf'xX^x|^, g:Xf'xX^X. 

These maps depend on /, but we suppress the dependence from the notation hoping that 
they do not lead to confusion, though we will vary / later. 
In this section we prove the following: 

Theorem 5.1. There exist universal power series Ai G Q((t^^))[[A]], i = 1,..,8, such 
that for all projective surfaces X and all C, G Pic(X) 

^_lY{Ox)+m-K^)/2t-e~2x{Ox)jye+MOx)q^ (exp {az + px)) 
= exp(e'Ai + e ■ ci(X)A2 + Ci(X)2A3 + C2(X)A4 + a ■ ^A^z 

+a ■ ci{X)Aqz + a^A-jz^ + xAg). 
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Here 6^^ is defined for arbitrary projective surface by the same formula ()2.fij) except 
that we change A^'~'^^~^ into A'""'^^"^^^'^-^) and also A^-, A^^+ into 



2 



respectively. 

When ^ is good, both Ext5(J2,Xi(0), ExtJ(J2,Xi(0) vanish [HI Lemma 4.3]. Therefore 
we have 

ExtJ(X2,Xi(0) = -P!(J^ ® Ji ® q-0 

and the same for Extp(Xi,X2(— ^)). 

The proof is a straightforward modification of that of fOl Th. 4.2], so we only give a 
sketch of the proof. The essential point is to use the incidence variety to compute the 
intersection products on Hilbert schemes recursively. A slight difference is that we need 
to introduce two incidence varieties because we study Hilbert schemes of a nonconnected 
surface X2. 

For a = 1, 2 let ^^^^ be the variety of pairs Z, Z' in x xl^"*^' satisfying Z C Z' 
and Z' \ Z is a point in the a**^-factor of X2. This is an obvious generalization of the 
incidence variety Xt'-'+^l, studied by various people and used in jlOj. Let 0a and tpa be the 
projections from Xg ^'''"^^ to x|^ and Xg"*"^^ respectively. Let pa be the map Xj 'j^'*'^' —>■ X 
defined by letting p{Z, Z') be the unique point in Z' \ Z. Let C be the line bundle whose 
fiber at (Z, Z') is the kernel of the homomorphism H^{Oz') H^{Oz)- We have 

^ Pa ^[1,1 + 1] i>a vi^ + l] 

A < A2 > A2 



4' 

We also define ja = Pa x id : Xg.'^^^^ — > X x x|'^"^^' and cr^ = 4>a- -^2.0^^^ X x x|^ . 
We first have the following analog of [loc. cit., (5)] 

(5-2) = 0Lx^/3 - Sapja\^ = 4>ax'^P " ^a^P P^X^^A, for a, ^ = 1, 2, 

where p: X x x|'^^^^ -* xf;^^^^ and fx = fx idx for f = (pa, i^a- 
Next we have an analog of [loc. cit., (8)] 

(5.3) C ch(X^)/c = C ch(X^)/c - 6afs cHC) ■ p^c 

for c G i/,(X). 

We also get an analog of (TUl Prop. 2.3] using ()5.2p 

(5A) . , , , 11 

.^P\{l2 (S) Xi O g-^ - (5„ia;,X^ » p„^ ® £ - 5a20-aXi (g) p„(^ (g) uj^) O 



32 



LOTHAR GOTTSCHE, HIRAKU NAKAJIMA, AND KOTA YOSHIOKA 



More precisely, we do not get a term corresponding to the third term in [loc. cit., (10)] 
coming from the product of two copies of the diagonal, because 5ai5a2 is always 0. 

Using these results, the same argument as in jim Prop. 3.1, Thm 4.1] shows the follow- 
ing. 

Lemma 5.5. Fixl > 0. Let P he any polynomial in theCi^{A+), Ci^{A-), ch.i.^iTi)^'"^ / {az+ 
px), chjj(X2)^*^/ {az +px) for ii, . . . , ig G Z>o, then there exists a universal polynomial Q 
(depending only on P ,) in ^ci(X), ci(X)^, C2(X), ^az, aci{X)z, a^z'^^x, such that 

We denote the left-hand-side of Theorem I5.1l bv 5^ ^. By definition we have 



where rk{A-.) = I - x{Ox) - rk{A+) = I - x{Ox) - Therefore by 



Lemma IK31 we can write S^j-{az + px) = Xl«>o Siez where Pi^i is a universal 

polynomial in ^ci(X), ci(X)^, C2(X), C,az, aci{X)z, o?z^ ^ x, depending only on / and 
i. It is easy to see from the definition that the coefficient of hP of 5^ ^ as a power series 
in A is 1. Thus there is a universal power series G^^a ^ Q((^ • • • 5a^8][[^]]) such that 

5^^ti.(^z + px) = exp(G(_A(^2, ^Ci(X), Ci(X)2, C2{X),^az, aci{X)z, a'^z'^, x)). 

Now assume that X = YUZ for Y, Z not necessarily connected projective surfaces, and 
e e Pic(X), P e H2iX)z © ifo(^)a: satisfy = 6, = 6, /5|y = A, P\z = P2. Then 
= lJn+m=i ^2"^ ^ ^2™^) ^-iid denoting A-^x, -^-.y, respectively, the bundles A- 
on x|^, 1^2"' and ^'2'"', it is obvious that ^-^xlyW^^M = -^-,1^ ^ similarly for 

^4., Xi, X2. Thus it follows from the definitions that 

(5.6) tti(^) = sl,WiKAM- 

To a triple (X, ^,/5) of a projective surface X, a class ^ G Pic(X) and P G H2{X)z © 
i/o(^)a; we associate the vector v{X, ^, /?) := (^^ ^ci(X), ci(X)^ C2(X), /5ci(X), /3) 
G Z^, where we suppress in the notation. Then we know 5^ ^{f3) = exp{Gt^A{v{X, ^, P)). 
Choose triples (Xj,^j,/?j), ? = 1, ... ,8 as above such that the Wi := f(Xj,^j,/9j) form a 
basis of Q^. Let {aij)^j^i be the matrix such that cnjWj = Ci for all i, where Cj is 
the vector with i-th entry 1 and all others zero. For all i put Ai := Ylj C'i,jGt,iv{wj). Let 
(X, ^, P) be a triple, such that (f ^, . . . , v^) := f (X, /3) = X]i=i "-j'^^j) with rij G Z>o. 



Then by fl5.6|) we get 5^^{P) = exp{J2jnjGt,A{wj)). Thus by = ""-j 

j, we get S^ ^{P) = exp (^jtiMj). Note that the are just the intersection numbers 
. . . , /3. As the set of all vectors Yl^=i ''^i'^i with all rzj G Z>o is Zariski dense in Q^, the 
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last equality holds for all triples {X,^,P) of a projective surface X, a class ^ G Pic(X) 
and P G H2{X)z © Hq{X)x. This proves the Theorem. 



Corollary 5.7. (1) Theorem \4-.<i\ holds for any simply connected smooth projective surface 
with Pg = and any good class C,. 

(2) More generally for any smooth projective surface X and any ^ G Pic(X), we have 

'^du\^xiOx) 



X ^. r- 9, 



A da^ 

Proof. In the notations of section 4, putting t = 2a, we can rewrite Theorem 15 .11 in terms 
of q. For f,ge C((gl/^ A)), we write f = gii f/g = exp{h) with h G q^/^C[[q^/^]]. Note 
that g = v^Ag-i/^ t = y/^Aq-^^^. Thus 

V A (ia/ 

Thus for any triple {X, ^, P) with f (X, ^, /5) = {v^, . . . ,v^) we get 



i=l 



for some universal power series Bj G C((g^^))[[A]]. As the v{X,^,/3) with X a toric 
surface and ^ a good class generate as a vector space, the Bi are determined by their 
values for toric surfaces and good classes, i.e. they are given by ()4.12|) . Note that the 
proof of ()4.12|) still works without any changes also if ^ is not good (replacing A^-, ^5,+ 
by -pi{I^ ® Ji ® q-0, -Pii^i ® X2 ® g'DO □ 

Remark 5.8. (1) Using Thml.l2], we get that Thm 13.31 and part (1) of Cor. 15.71 hold 
also if ^ is not good. 

(2) As we mentioned in the introduction, the assertion that $,ci{X) appears only as a 
sign in 6^^ is one of statements of the Kotschick-Morgan conjecture. This comes from 
H{a,A) = ttV— la, as ei + £2 is the equivariant first Chern class of A^. The latter 
statement, proved in [SH section 5.3], is a consequence of the blowup equation [221 (6-14)]. 
This is by no means simple to check directly from the definition of Nekrasov partition 
function. 

6. Equivariant Donaldson invariants for 

Let us consider the complex projective plane X = and let H be the hyperplane 
bundle. Let Mnin) be the moduli space of if-semistable sheaves on X with ranki? = 2, 
ci{E) = H, C2{E)-\ci{Ef = A{E) = n. As GCD(2, ci(E)) = 1, Mnin) is nonsingular of 
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dimension An — 3. Let S be the universal bundle. Our method works also for lankE = 2, 
Ci{E) = 0, C2{E) = n = 1 mod 2. But the moduli space becomes singular when C2{E) is 
even, so our localization technique fails. 
Let us consider the Donaldson invariants 



Hereafter we denote this just by ^{az + px) for brevity as we will not vary H in this 
section. 

Let r be the 2-dimensional torus acting on X hj [x : y : z] [tiX : '■ z]. We have 
three fixed points [1 : : 0], [0 : 1 : 0], [0 : : 1], and their characters of tangent spaces are 
1/^1 + t2/ti, ti/t2 + 1/^2 and ti + t2 respectively. We set Px = [I : : 0], Py = [0 : 1 : 0], 
Pz = [0 : : 1]. We take the coordinates around each pi and define their weights as 



for i = x,y,z respectively. We consider the induced F-action on Mnin). It also lifts to 
the universal bundle so we can define the equivariant Donaldson invariants ^(az + px), 
where a, p are equivariant cohomology classes. In the nonequivariant limit 61,62 — > 0, 
they go to the ordinary Donaldson invariants ^{az + px), where a, p are replaced by their 
nonequivariant limit. For example, there are three equivariant lifts [px]-, [Py\i [Pz] of the 
point class p given by the three fixed points. Then depends on i = x, y, z, but its 

nonequivariant limit \iv!iei,e2^o^iPix) is equal to (^{px). 

Proposition 6.1 (1) ^ sheaf E G Mnin) is fixed by the T-action if and only if 

there exists an T -equivariant structure on E. 

(2) A sheaf E G Mnin) is fixed by the T-action if and only if both its reflexive hull E"^^ 
and the quotient E^^ jE have T -equivariant structures. 

For a stable sheaf E, its F-equivariant structure is unique up to a twist by a character. 
We normalized it so that det i?^^ is trivial. This may not be possible in general, but it is 
possible if we formally tensor by a square root of a line bundle. In particular, the actions 
on the fibers over fixed points are well-defined if we lift the action to a double covering 
F — >■ F. We consider the F-structure as if it is a F-structure hereafter. 

Let 0{x), 0{y), 0{z) be the F-equivariant line bundles, where the F-structures are 
given so that the homomorphism x: (9 — > 0{x) is equivariant, etc. The characters of the 
fiber of 0{x) at the fixed points [1 : : 0], [0 : 1 : 0], [0 : : 1] are given by 1,^2/^1, l/^i 
respectively. 

By a result of [21 , we have 




{w{x.i), wijji)) = {-61, 62 - 61) 



{61 - 62, -62) 



(^1,^2) 
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Proposition 6.2. (1) A T-equivariant rank 2 vector bundle E with ci{E) = 1 is classified 
by a triple {p, q, r) G Z^q with p + q + r = 1 mod 2. 

(2) The above E is stable if and only if p, q, r satisfy the strict triangle inequality, i.e. 
p + q < r, q + r < p, r + p < q. 

In fact, the vector bundle E is given as a cokernel of 

O 0{px) © 0{qy) © 0{rz) 

for some {p, q, r) E Z^q after a twist by a line bundle. Let E^^''^'^^ be the corresponding 
F-equivariant vector bundle. We have 

A(E(P'9,r)) ^ + qr + rp) /2 - p^/A - q^/A - r'^/A. 

Let us denote this by A(]9, g, r). Note that E^^''^''^^ is an isolated fixed point in M(H, A{p, q,r)). 
This assertion fails for higher ranks or toric surfaces other than P^. 
We have the decomposition of the fixed point set: 

MHinf = y Mp,,,,(n - A(p, q, r)), 

where Mp^q^r{fn) denote the set of F-equivariant sheaves E with E'^^ = E^^''^'^'^ and 
length = m. The quotient sheaf E"^"^ / E is supported at {Px,Py,Pz}- Accord- 
ingly we have a factorization 

where Mp^^ j.{mx) denotes the set of F-equivariant sheaves supported at px, etc. 
The character of the fiber of E^'"^'^^ at the fixed point = [0 : : 1] is given by 

(6.3) ch ^P'^'^) = t^^hf [t^P + ^2 "] = t^^'^hf + tl'^"'^ 
Similarly the characters of the fibers at = [0 : 1 : 0], = [1 : : 0] are given by 

(6.4) chE^'^''^) = {t./t^yi^iit^r'^ [{h/t,)-^ + [i/t^r] = t'/'h^r^'^ + t^^)/^ 

(6.5) ch E^^f^^^ = {i/t,r'\t,/t,Yi^ [ii/tir + (t2/ti)-i = t^^^/'tf + t^r'^/\'^'\ 

respectively. 

Let us study a F-equivariant sheaf E G M^^^^im,), i.e. = E^P'^'*^) and Supp(E^^/E) 
= {Pz}- Using the coordinate system (x/z, y/z) around p^, we can identify E^^ jE with a 
F-equivariant quotient sheaf Q = 0®'^/F, where F acts on the trivial bundle O®"^ so that 
the character of the fiber at the origin is ()6.3p . 

Let M[n) be the framed moduli space of rank 2 torsion-free sheaves on as in ^1.21 
This is the Gieseker partial compactification of framed moduli spaces of instantons on 
M^. Let Mo(n) be the Uhlenbeck partial compactification of framed moduli spaces of 
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instantons on M^, and let vr: M{n) —>■ MqIu) be the natural projective morphism. (See 
EHl §2], El §3].) We have an action of f = (C*)^ x C* on M{n), Mo{n) such that tt is 
equivariant. According to ()6.3|) . we define Ppg^^- T ^ T by 

Note that there is no reason to prefer t^^'^t^''^'^ instead of t^^^^tg^^- Either choice will work 
in the following argument. 

The following result follows from JH]! but we give a direct proof: 

Lemma 6.6. (1) The origin ((9®^,m[0]) is the only T-fixed point in MQ{m). 

(2) A point (F, ip) e M(m) is fixed by the T-action if and only if F'^'^ = C®^ and F'^'^/F 
is a r -equivariant sheaf. 

Proof. (2) follows from (1). Let us prove (1). Let us use the ADHM description [Bi, B2,i,j) 
for Mo(m). The coordinate ring of Mo(m) is generated by the following two types of func- 
tions 

a) tr(i?Q,-^i?Q2 • • • -Bq^), 

where = 1 or 2 and x is a linear form on End(Vr). Let us take a F-equivariant form 
X- Then its weight is either 1, t~[^t\ ^1^2^- Under the F-action, B^^Ba^ ■ ■ ■ B^pf is 
multiplied by ta^taj • • -^ajv- Therefore the first type of functions are never preserved by 
the F-action. Similarly the second type of functions are multiplied by tajtaa ■ ■ •''^«]v^i^2, 
taita2 ■ ■ ■ taNti~^tV~^ ^ai^a2 ■ • ■ ^aiv^i'''^^"^- These are never 1 as g > 0. □ 

Thanks to this lemma we have 
Corollary 6.7. 

We define p^g^^, p^^ ,. : F ^ f by 

Pp.q.rl*^!) ^2) = i^/tl,t2/ti,t^^ ''^''^^2 ^''^) 5 
PL,r(^1.^2) = (tlA2,lA2,tf4''~'^/'). 

(See (j6.5p (resp. (j6.4p .) The above lemma and corollary hold also for these homomor- 
phisms. 

Let Np^g^r;m be the normal bundle of Mp^q.r.{m) in M{H, m + A{p,q,r)). Its fiber at E 
is the sum of nonzero weight spaces in Ext\E,E). We decompose E^^/E to Q^, Q\ 
according to the support Px, Py, Pz- By the above corollary, we identify them with (F^, ip), 
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{Fy,ip), {F^,ip) as elements of M{mx), M{my), M{mz). We have 

i=x,y,z 

in the Grothendieck group of F-equivariant vector bundles on Mp g ,,(m) = |J 



Y[i=x y z M{miYp'i'^'^^\ The first factor of the right hand side is the tangent space of Mh\ 



n) 



at Let us denote it by Tp ,j Then the equivariant Euler class of Np^q^r;m is given 

by 

i=x,y,z 

where Ni^pt^^^ denotes the fiber of the normal bundle of the fixed point component con- 
taining {F'^,ip) in M{mi). We also have 

- d^2{S) = -d^2(^^'''') + ch2(Q") + ch2(Q^) + ch2(Q") 

= - ch2(S^''^''') + m^[p^] + my[py] + m^[p^], 
where we have identified homology classes [px], [py], [pz] with their Poincare dual. We get 

Haz + px) = y A-(--)-3 y A- / exp(-A2(g)/(a. + ^x)) 



p,q,r 

(6.8) = ^A4A(p,g,r.)-3 



e{Np^q^rim)) 

exp 



^l,-' p.q.r 

p,q,r 

-Q J2 A^"^' exp {m^t;^ {az + px)) 



X 

i=x,y,z rUi 

where Lp^ denotes the inclusion map {pi} X. 

We study the first term and the second term separately. 



6.1. Quotient sheaf part. Recall that the instanton part of Nekrasov's partition func- 
tion is written by (6o*)^"'^7r*[M(m)] = (io*)~"'^[MD(m)], where Lq is the inclusion of the 
T-fixed point in Mo(m). Here the equivariant homology groups are taken with respect to 
the T-action. By Lemma l6.6r i) we replace them by those with respect to the F-action 
and get an element {Lo^)~^[Mo{m)] in the quotient field of i7p(pt). In order to distinguish 
this from the above element, we denote them by (io*)~^[^o("^)]f ('•o*)^^[A^o(^)]r- 

We set S{r) = H^{pt), S{f) = Hi{pt). We denote their quotient fields by 5(F) and 
iS(T) respectively. Let dppg^: Lie(F) — Lie(T) be the differential of the homomorphism 
Pp,q,r- It induces the restriction homomorphism (dppg^^)* : S{T) S{T). 

Lemma 6.9. The rational function {LQ^..)^^[MQ{m)]f G S{T) can be restricted under the 
homomorphism {dpp^^ j.)*, and is mapped to (6o*)^H^o("^)]r £ '5(F). 
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Proof. From the proof of the locahzation theorem (see e.g., P^), (io*)"M^o("^)]f "^^^ ^le 
defined in a localized module S{T)f with a polynomial / which vanishes on all Lie sub- 
algebras of stabilizer subgroups 7^ T. Under the homomorphism Ppgj.'- T —>■ T, stabilizer 
subgroups in T are mapped to stabilizer subgroups in F. By Lemma f6.6r i). if a stabilizer 
subgroup is not T, then it is mapped to a subgroup 7^ F. Therefore / is restricted to a 
nonzero polynomial under dpp^^: Lie(F) — >■ Lie(T) and we have an induced homomor- 
phism 

{dpi^J* : s{f)f ^ s{r)f. 

From the definition we clearly have the assertion. □ 

By the localization theorem, (to*)~^[Mo(mj)]r = (6o*)~%*[M(mj)]r is equal to 

1 



/ 



Therefore we get 



^q"^»exp(m,6;(« + pX)) f 

(6.10) 



where 



(6-11) ^p,g,r = -P^l + ?^2, il,q,r = -P^l + - ^^2, ^p,5,r = ('^ " + ?^2- 

6.2. Vector bundle part. Let us calculate 

2 

c\^T^p^<i,r) ^ chExt^(E(''''''''),E('''''''')) = ^(-l)^'+^chi7P(p2,^ndo(^^^''''''^)) 

p=0 

where £ndo means the trace-free part. We calculate this by the localization theorem, i.e. 

chExt^(E(*''^'''),E(f'^'")) 
^ chgndo(Efa'?'-)))tO:oa] chgnrfo(E(P-g'-)))[o^i^o] chgnc^o(Efa^--')))[i.o^o] 

(1 - ti)(i - 12) (1 - ti/t2)(i - 1A2) (1 - iAi)(i - h/h) ■ 

We have 

ch£nrfo(i5(^''^'^^))[0:0:l] = 1 + ^,^1 + 1%^ 

di£nd,{E^^^^^^%,.,,.,,^ = 1 + r,ni-'- + t?tr', 

ch£:nrfo(i?^^''^'''^))[l:0:0] = 1 + ^^^2 + ^r^'^s"'- 

A calculation shows the following: 
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Lemma 6.12. Let us define the convex region 

(1) Case p = q = r = l: D^P'"'"-^ = {(0, 0)}. 

(2) Casep= l,q = r^l: D^P''^'^^ = Conv((0, (-1, (-1, -g+2), (0, 

(3) Case q = 1, p = r ^ 1: = Conv((p - 1, 0), (-p + 1, 0), (-p + 2, -1), (p - 

1,-1))- 

(4) Case r = I, p = q ^ I: D^P''^'"'^ = Conv((p - 1, 1 - p), (p - 1, 2 - p), (2 - p,p - 

1) ,(l-p,p-l)). 

(5) Case p + q = r + 1, not above: D^P'"?'^) = Conv((p — l,q — 1), (— p, q — 1), (— p, —q + 

2) ,(-p + 2,-g),(p-l,-g)). 

(6) Case r + p = g + 1, not above: D^P''^'^^ = Conv((p — 1, 1 — g), (p — 1, r — p + 1), (2 — 
P,? - 1), i-P,Q- 1), (-p,p- r + 1)). 

(7) Case g + r = p + 1, not above: D^P''^''^^ = Conv((p — 1, — g), (p — 1, r — p + 1), (r — 
g + 1, g - 1), (1 - p, g - 1), (g - r + 1, -g)). 

(8) Otherwise: D^P'"^'^^ = Conv((p — 1, — g), (p — 1, r — p + 1), (r — g + 1, g — 1), (— p, g — 
1), {-P,P- r + 1), (g - r + 1, -g)) 

Here Conv denotes the convex hull. Then chExt\E^P''^^''\ E^P''^'"'^) is the sum of mono- 
mials t^t2 where {m,n) G runs over D^P''^'^^ \ {(0,0)}. 

Note that the origin (0, 0) is in D^P''^'^^ in all cases. We thus have 

(6.13) e{Tp^g^r) = Yi (mei + nea). 

(m,n)ei:)(p.9>'-)nz2\{(o,o)} 

We can also express ch2(£^) / {az + px) by the localization formula: 

(Cr)'^ft("^ + Pa;) 



(6.14) -ch2{S)/{az + px) = -\ Yl 



where Cp,q,r is as in ()6.1ip and w{xi)w{yi) appears as the Euler class e(Tp.P^) of the tangent 
space at pj. 

Substituting (jnUHl ElSl EUl) into (Q, we get the following: 
Theorem 6.15. The equivariant Donaldson invariants o/P^ are given by 

^az + px) = yA'^(P''^'^^-'exp(^l V (g.^.'-)'^^"; + 

X n ^ n Z"^^\w{x,),w{y,),-^-^-,qe'ni-^+P'')), 

^ ^ m€i + ne2 

(m,n)e \{(o,0)} 

where p, g, r rans oi;er Z5,q satisfying p+g+r = 1 mod 2 and t/ie stnct triangle inequality. 
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Ordinary Donaldson invariants ^{az +px) are given by liniej ^j^o + px). But the 
solution of Nekrasov's conjecture does not say anything about this limit, so we do not 
know how to get an explicit formula from the above. Note that the summation over p,q,r 
is related to Hurwitz class numbers (according to |23), which appeared in §9] in the 
formula for the Donaldson invariants of P^. 

On the other hand we have 

Theorem 6.16. Let P: Y ^ F"^ be the blowup of the fixed point p^ {different from p = p^). 
Then 



^{Hz+px) 



J exp (-{Todd2{Y){P*Hz + P*px)) 



X 



5=(2n-l)P*H-2a_E \i=x,y,zi,Z2 
a>n£Z>o 

where Pz^, Pz^ are the fixed points in the exceptional set ofY. 

The formula, when compared with the one in Theorem I6.15[ probably gives us a non- 
trivial identity on the partition function. 

The idea of the proof is the same as in ^3 Th. 3.5], but we put a little more care as 
we consider the equivariant Donaldson invariants. 

Proof. Let P: F be the blowup of the fixed point pz- We first assume that the line 

H is Hxy In particular, H does not pass through the point pz which we blowup. Let 
Mnin) be the moduli space of {P*H — £:ii^)-stable rank 2 sheaves on Y with ci = P*H, 
A = n. By App. F] there exists a projective morphism tt: Muin) —>■ Nnin), where 
NJ^ (n) is the Uhlenbeck compactification of the moduli space of locally free sheaves on 
p2 with ci = H, A = n. 

By the definition of vr the class fi{P*H) on Muiji) is the puUback of the class /x(-ff) on 
Nnin) by vf. In fact, by 

Hxz Hxy ^2) Hyz Hxy £^1, 

and 

C2{S) - lc,{£f/[F'] e H'^iNnin)) = C, 

IJ,{Hxz), f^{Hyz) are equal to fJ^iH) = fi{Hxy) modulo classes from ifp(pt). Therefore this 
assertion is true for any H. 

By [ini Th. 6.9], extends to a class on the Donaldson compactification Nnin). The 
extension can be made so that the class is equivariant with respect to the compact form 
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of r, and it is enough for our purpose. Then we have fj.{P*p) = 7r*fi{p) as we blowup at 
a point different from p. Therefore 

exp{i^{P*H)z + fi{P*p)x) n [Mnin)] = vr* {exp{fi{H)z + fi{p)x)) n [Mh(^)] 
= exp(/i(if)z + /i(p)x) n n^Mnin)] = exp{iJ,{H)z + /i(p)x) H [Nnin)]. 

There is an ahernative way to prove this formula. Restrict the maps vr, vr to the fixed 
point set: tt: Mninf Nnin)^, tt: Muinf Nnin)^- We have 

Nninf = □ {iE^''''^'\m,\p4+my\py]+m,\p,])} 

p,q,r,mx,my,mz 
mj:+my+mz+A{p,q,r)=n 

by the same argument as above. In particular, Nnin)^ consists of finitely many points. We 
have direct sum decompositions of H^^Mnin)) and H^{MH{n)) correspondingly. From 
the expression (fO)) we see that fi{p) e H^{MH{nf) and fJ^{P*p) G H^{MH{nf) are 
puUbacks of the same class in H^i^NuinY) = ^pgrm^^mym^^rip^)- This assertion is 
enough for the above calculation. 
Therefore 

$^''-^(exp(i7z + = ^]i"-'^{exp{P*Hz + P*px)). 
On the other hand we have 

$^^+"-^(exp(P*i72 + P*px)) = 

for F = P*H — E is the fiber class and e is a sufficiently small number by |j3Ej. Therefore 
by the proof of Th. 3.5] we have 

^]i"-'^{exp{P*Hz + P*px)) = J2 Sl{exp{P*Hz + P*px)). 

i={2n-l)P*H-2aE 

Let Px, Py denote the inverse image of px, Py under P. Let Pz^, Pz2 be the two fixed 
points in the exceptional set E. By Corollarv 13. 181 we have 

6lt{exp{P*Hz + P*px)) 
= J exp (^^( Todd2{Y){P*Hz + P*px)) 

i=x,y,zi ,Z2 

Now the assertion follows. □ 
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Appendix A. Generic smoothness after blowup 

For a /i-semistable rank 2 sheaf F on A, there exists a constant /?oo depending only on 
A (and the rank of F) (see [HI 4.5.7]) such that 

dimExt2(F,F)o</3oo. 



where exp dimM^ (ci, n) is the expected dimension of (ci, n). 

By the result of Donaldson, Zuo, Gieseker-Li, O'Grady (see §9]) there exists a 
constant mo depending only on A, (and rank) such that M^(ci,m) is irreducible and 
of expected dimension for m > mo. 

Let P: A — > A be blowup at points pi, . . . , as before. We take a polarization H on 
A and consider the polarization P*H on A as above. For simplicity we assume {ci,H) 
is odd. By [34, App. F] we have a projective morphism n: Mp,^{P*Ci,m) N^{ci,m), 
where N§{ci,m) is the Uhlenbeck compactification, which is set-theoretically equal to 
(ci, m) = (ci, m — k)if x S'^^A, where (ci, m — A;)if is the open subscheme of 

(ci, m — k) consisting of stable vector bundles. 

A point in S^'X can be written as [Z] = J2^i{Pi] + Yl ^pI^pI where pi, Xp are disjoint 
and Ap > 1. Then we have a stratification of S'^X parametrized by (mj)j G Z>q and 
the partition A = {Xp}p of /c — ^m,. By [211 App. F] the fiber of n over {E, [Z]) G 
(ci, m — A;)if x 5**^ A depends only on m — k and the stratum containing [Z]. And it is 
also equal to the fiber of the morphism defined for the framed moduli spaces on and 
P^. The homology of central fibers (i.e. A = 0, mi = n, rrii = {i > 2)) was calculated in 
j34[ Th. 3.8~10]. We find its dimension is given by 



Therefore 



(Al) 



dim (ci , n) < exp dim Mf {ci,n)+ 



2n + max / < 3n. 

Z6Z:i2<„ 



Therefore 



N 



dimTT~\E, [Z]) <3^mi + ^(2Ap-l). 



1=1 p 



Therefore we have 



dim7r"^(M^(ci,m - k)u x S''X) 



< dim Mi 



(ci, m — k)if + max 

mi + \Xp\=k 




< dim Mi 



'^{ci.m - k)ii + ^k. 
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Let us take m > niQ + /?oo- For k > f3oo we have 

dim (ci, m — k)u + 3k < exp dim (ci, m) — k + (3oo < exp dim (ci, m) 

by (jA.ljl . For k < Poo, we have m — k > ttiq. Therefore M^{ci,m — k) is of expected 
dimension. Therefore 

dimM^(ci,m — k)\i + 3k = exp dimM^(ci, m) — k < dimM^(ci,m) 

unless /c = 0. The open locus 7r~^(M^(ci, m)if) consists of pullbacks P*E of E E 
{ci,m) and tt is an isomorphism there. Therefore M^*^ {P*ci,m) is of expected 
dimension (and irreducible). 
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